Introduction
In [9] , by studying the family of projections of a space curve C embedded in P 3 (R) from a variable point of space, we arrived at a definition of a class of curves, forming a dense open set in C ∞ (S 1 , P 3 (R)) such that the family of projections of a curve in this class is stable in a certain sense under perturbations of C: we call the curves in this class projection-generic.
The object of this paper is to investigate the geometry of a projection-generic curve C in some detail. The partition of projective space according to the singularities of the corresponding projection of C is a stratification, and we seek a full description of its local geometry with, as far as possible, C ∞ normal forms for the neighbourhood of each stratum. The transversality conditions defining projection genericity make sense also for algebraic curves in P 3 (C), and will hold 'usually' here also. The arguments in this paper will hold in both cases: when necessary we will be precise about the methods or results which differ in the two.
We begin by recalling the key ideas and results from [9] , and establishing our notation. Next we give the (easy) results for projections from points not on C itself.
A key idea of [9] was the definition of a family Γ z of plane curves, indexed by points z of the blow-up B C of P 3 along C, consisting of the projections of C, together, if z belongs to the exceptional locus E C of the blow-up, with a line, and a key result [9, Theorem 3.1] was that this is a flat family. We show that the double point number δ of curves in this family is constant for z ∈ E C and takes a value 1 lower if z ∈ E C . We study families of plane curve-germs with δ constant (which we call P-families, as we can regard these as families of parametrised curves) and with δ restricted to decrease by at most 1 (Q-families), and define and study corresponding notions of versality.
After recalling versions of the Preparation Theorem, and adding an approximation clause (in the topology induced by a filtration), we show that for the various types of special point on E C , the corresponding family of curves is Pversal or Q-versal. The proof will proceed in two stages. In the first, following the idea of the proof of [9, Theorem 3 .1], we write down parametrisations, define weights, omit all terms but those of the least weight, then eliminate the parameter. The approximation theorem will allow us to prove that the result coincides modulo terms of higher weight with the full equation.
Next we observe that the equation so obtained is versal in the relevant sense, and show (again using approximation) that perturbing our versal unfolding by terms of higher weight does not destroy versality. We will find here, as elsewhere, that one case (named δ 2 ) does not fit the pattern and requires extra effort. The P versality results could also be established by verifying that the parametrisations are versal in the parametrised sense, and indeed this was my original argument. The version offered here has the advantages of parallel treatments of both cases, and of explicit normal forms.
Local normal forms for the strata in E C follow at once from these results. These imply enough information for us to obtain normal forms up to diffeomorphism in P 3 , using ad hoc arguments, e.g. to deal with the modulus parameter arising along a 4-secant of C. Our normal forms are local in the sense of covering the image of a neighbourhood of a point (P, Π) of E C , except at points where the tangent at P meets C again, where we do not believe normal forms to exist in this sense, but offer a description of the strata. We also discuss the differences arising in the real case.
Notations and recall of results of [9]
If C is a smooth space curve, the projections C P of C from a variable point P of space give a 3-parameter family of maps to the plane. We are interested in genericity properties of this family. Suppose first that P ∈ C.
The projection along a line L through P has a singular point if L meets C in more than 1 point, or if L is tangent to C. Call a line meeting C in r points an r−secant; it is a T − r−secant if the tangents at 2 of the points are coplanar. Write T Q C for the tangent at a point Q ∈ C, and O Q C for the osculating plane at Q. We will assume the curvature of C non-zero, but the torsion may vanish: we then call Q a stall. Equivalently, the local intersection number of C with O Q C exceeds 3; in the general case (transverse stall) it is 4.
For a codimension 0 set of projections we have only normal crossing (A 1 ) singularities. Apart from these, in codimension 1, C P can have a cusp (A 2 ) if, for some Q ∈ C, P ∈ T Q C; a tacnode (A 3 ) if P lies on a T-secant QR of C; or a triple point (D 4 ) if P lies on a 3-secant QRS of C. For a codimension 2 set of points P , C P can have two codimension 1 singularities, or one of A 4 , A 5 , D 5 , D 6 or X 9 (in Arnold's notation, but here we have maps R → R 2 , not functions on R 2 ). In codimension 3 we have A 6 , A 7 , D 8 and combinations of singularities of lower codimension. Theorem 1.1 [8] For a general curve C, the family of projections of C from a set Z of points not on C is generic in the sense that it versally unfolds the singularities of any curve of the set, all of which are among those just listed.
The conditions on C can be stated as transversality in jet space or in terms of the geometry of C. The set Z can be taken to be a compact subset of the complement to C.
It follows from the theory of versal unfoldings that for P ∈ Z, the types of singularities of the projection have codimension ≤ 3, and the points P such that the sum of the codimensions of singularities of C P is c form smooth (3 − c)-dimensional manifolds which regularly stratify Z; normal forms are given by model versal unfoldings of the singularities that occur.
The main thrust of [9] was to seek a set of conditions defining a family of curves which is open as well as dense. It follows that one needs a compact parameter space. Thus first, replace the ambient space E 3 by (real) projective space P 3 . For P ∈ P 3 we can define a projection π P : P 3 \ {P } → P 2 : the target P 2 will have to vary with P , but for local considerations can be fixed. Secondly, we must contemplate projections of C from points of itself. Since C has nowhere zero curvature, each projection C P := π P (C) with P ∈ C is well defined and is again given by a smooth map.
For F = {f u |u ∈ S 1 } a smooth 1-parameter family of plane curves, define F ∈ C 1 : if, for all but finitely many u ∈ S 1 , f u is an immersion with normal crossings, and for the exceptions it has just one codimension 1 singularity (type A 2 , A 3 or D 4 ), which is versally unfolded by the family.
For C a space curve, define C ∈ O 1 : if the family {C P | P ∈ C} is in C 1 . Then by [9 
. So far we have projections of C from points P ∈ C and, separately, projections from points P ∈ C. To fit these together, write π C : B C → P 3 for the blow-up along C and E C for the exceptional set; thus a point of E C is a pair (P, Π) with P ∈ C and Π a plane through T P C. There is a natural projection π E : E C → C, which is a fibre bundle with fibre a projective line. Now define a family of curves
. Thus the line L goes through the point Y P := π P (T P C). According to [9, Theorem 3.1] , if no plane has infinite order of contact with C, the above is a flat family; i.e. near any point there is a C ∞ function whose zero set meets the fibre over z in Γ z .
If Γ, Γ are plane curves and P ∈ Γ ∩ Γ , define κ P (Γ, Γ ) to be the local intersection number at P minus 1; write κ(Γ, Γ ) for the sum over all P ∈ Γ ∩ Γ . We will call P ∈ C a special point if either C P fails to have normal crossings or, for some line L through Y P , κ(L, C P ) ≥ 2. We now give the main definition: we say that C is projection-generic if (i) the conditions of Theorem 1.1 hold (with Z = P 3 \ C), (ii) we have C ∈ O 1 , (TK1) if C P has a singular point Z P the line Y P Z P is transverse to C P , (TK2) for all (P, Π) ∈ E C we have κ(C P , π P (Π P )) ≤ 2, (Tdis) no P ∈ C is special in 2 different ways (we explain this below), (TMS) for each type of special point (P, Π), the map of E C to multi-jet space is transverse to the submanifold defining this condition (this follows from the above except in the cases named ac, bc and cc below).
The main result of [9] is (Theorem 5.2, loc.cit.) that the set of projectiongeneric curves C is dense and open in the space of C ∞ −maps S 1 → P 3 . Since the set of transversality conditions can be made explicit, the notion of projection-genericity also makes sense for algebraic curves in P 3 (C), and we include the complex case from now on.
We next list the types of special point and introduce our notation for them, which differs from the notation of [9] . If C P itself fails to have normal crossings, it has a singular point Z P . There are three cases, according to the type of the singularity.
α: type A 2 : P ∈ T Q C for some Q ∈ C, β: type A 3 : we have a T-3-secant P (QR), γ: type D 4 : we have a 4-secant P QRS. For cases α, β and γ, it follows by [9, Lemma 2.5] from C ∈ O 1 that Y P Z P is transverse to C P at Z P ; (TK1) requires it to be transverse at all points.
We also say P is in case δ if Y P is a double point on C P : i.e. if Q ∈ T P C for some Q = P .
If C P has normal crossings and C P ∪L does not, then κ(L, C P ) > 0. Excluding cases α, β, γ, δ, we have κ(L, C P ) = 1 if either a: L touches C P at Y P (Π = O P C), b: L touches C P elsewhere (Π contains a tangent line T Q C), or c: L passes through a node of C P (Π contains a trisecant P QR). These cases occur when the point (P, Π) lies on certain curves in E C . We denote these curves by the same notation a, b, c.
By (TK2) we have, in all cases, κ(L, C P ) ≤ 2. The cases κ(L, C P ) = 2 are enumerated as follows, where q, r, . . . denote the images of Q, R, . . . under projection from P .
ab: L touches C P at p and q: T Q C ⊂ O P C = Π. ac: L touches C P at p and goes through a double point r = s:
bb: L touches C P at q and r: T P C, T Q C and T R C lie in Π. bc: L touches C P at q and passes through a double point r = s: Π contains T P C, T Q C and the trisecant P RS. cc: L P passes through double points q = r and s = t: Π contains T P C and the trisecants P QR and P ST . a 2 : L P is an inflexional tangent at p: P is a stall on C, Π = O P C. b 2 : L P is an inflexional tangent at q:
L is tangent at q to a double point q = r of C P : we have a T-trisecant P QR with T P C, T Q C both in Π.
We now give a more precise statement of condition (Tdis), and at the same time define our terminology for special points on C and on E C . First, for no P ∈ C can we have more than one of the cases α, β, γ, δ, ab, ac, bb, bc, cc, a 2 , b 2 , c 2 . If P ∈ C is not of type α, β, γ or δ, there is at most one line L through Y P with κ(L, C P ) ≥ 2. Thus if there is a special point of E C in π −1 E (P ), it is unique and we denote its type by the same symbol as above.
If C P has a singular point Z P , then for any line L through Y P other than Y P Z P , κ(L, C P ) ≤ 1. For P of type β, we call (P, Π) of type β 1 if L = Y P Z P , and βa, βb or βc if L touches C P at Y P , or elsewhere, or passes through a double point; similarly for P of type α or γ.
For P of type δ we must distinguish (P, Π) of type δ 1 , with Π = O P C from type δ 2 , when Π passes through T Q C: in each of these, L touches C P at Y P . We may also have points (P, Π) of types δb and δc; at these, κ(L,
From now on, we assume that C is projection-generic.
We partition P 3 \ C as follows. If Σ denotes a list of singularities, S o (Σ) consists of points P such that Σ is the list of singularities of C P . We partition C itself into the 12 types of special point and the rest of C. Write also S(Σ) for the closure of S o (Σ) in P 3 . We partition B C by the S o (Σ) in B C \ E C ; in E C , 1-dimensional strata are the curves a, b, c and the fibres over points of type α, β, γ and δ, and 0-dimensional strata are the special points of types just listed. Write alsoŜ(Σ) for the closure of S o (Σ) in B C : thusŜ(Σ) is the strict transform of S(Σ) by π C . It follows from Theorem 1 that the partition of P 3 \ C is Whitney regular; indeed, normal forms are given by model versal unfoldings of the singularities that occur. The main objective of this paper is to obtain normal forms for the stratification of B C : it will follow that this is locally trivial. This implies a somewhat weaker result for the stratification of P 3 itself. We see thatŜ(A 2 ) intersects the exceptional surface E C in the union of the curve a and the fibres of E C over points of type α. Similarly,Ŝ(A 3 )∩E C contains b together with the fibres over β points, andŜ(D 4 ) meets E C in c together with the fibres over γ points. A more precise statement will be obtained in Corollary 7.3.1. (ii) At a point of type ab, ac, bb, bc or cc, the two curves meet transversely.
This was proved in [9] : see Lemmas 6.14-6.16 and Proposition 6.17 with the remark preceding it. Here the projection on C is induced by π E . The behaviour of the curves a, b and c at the special points is implied by the normal forms of (8) below. In a previous draft of this paper, I established the local forms of the curves at the special points by direct calculations of parametrisations, following the methods of proof of the results just cited. However, these also follow from the versality results to be established, whose proofs are much easier, so I omit these calculations here.
2 Outside C For C projection-generic, a description of normal forms in the complement of C is implicit in the earlier work, so we merely need to make it precise.
We have three codimension 1 strata, S(A 2 ), S(A 3 ) and S(D 4 ): each is a smooth surface in P 3 . These are generated by tangent lines, T-secants and trisecants respectively, so each is ruled: moreover, the first two are developable.
Six of the codimension 2 strata correspond to having 2 singular points in the projection, each from the above list. Along such a stratum, the (branches of) the surfaces corresponding to the two 1-point singularities meet transversely.
There are five further codimension 2 strata, S(A 4 ), S(A 5 ), S(D 5 ), S(D 6 ) and S(X 9 ): each except S(A 5 ) is a finite union of straight lines. Since the singularities are versally unfolded by moving the point of projection, local models up to diffeomorphism can be obtained by analysing a model versal unfolding of the singularity.
Lemma 2.1 Along S(A 4 ), S(A 2 ) and S(A 3 ) are smooth, and intersect with multiplicity 2. In the real case, S(A 3 ) has an edge along S(A 4 ).
Along S(A 5 ), S(A 3 ) has a cuspidal edge. Along S(D 5 ), S(A 2 ), S(A 3 ) and S(D 4 ) are all smooth, and any two of them meet transversely. In the real case, S(D 4 ) has an edge along S(D 5 ).
Along S(D 6 ), S(A 3 ) and S(D 4 ) are smooth, and intersect with multiplicity 2. Along S(X 9 ), S(D 4 ) has 4 branches, any two of which are transversal.
We will use the normal forms of (1) 
For D 6 , with three branches, we have model (t 1 , t
For X 9 we have four branches (0, t 1 ), (t 2 , 0), (t 3 , t 3 ), (λt 4 , t 4 ) for some parameter λ = 0, 1. A direct and easy calculation shows that the unfolding (0, t 1 ), (t 2 , 0),
There are several choices, but we pick this as our model unfolding. Here b 0 is an unfolding parameter. In this unfolding, each of a 1 = 0, b 1 = 0, b 1 = (λ + b 0 )a 1 and a 1 = b 1 gives a triple point D 4 . If we freeze b 0 = 0 we obtain an unfolding transverse to the X 9 stratum, though not versal.
In particular, the surfaces S(A 2 ), S(A 3 ) and S(D 4 ) are smooth along the 1-dimensional strata except that S(A 2 ), S(A 3 ) have cuspidal edges along C, S(A 5 ) respectively and (in the real case) S(A 3 ) has an edge along S(A 4 ) and S(D 4 ) an edge along S(D 5 ).
For the codimension 3 strata corresponding to 2-or 3-point singularities, the versal unfoldings are Cartesian products of those corresponding to the several singular points, and the local structure of the stratification is likewise that of a product. There remain three cases.
For A 6 we have the model singularity (t 2 , t 7 ), with model versal unfolding (t 2 , t We infer the geometry of the strata at these points. At an A 6 point S(A 2 ) is smooth, S(A 3 ) is cusped along S(A 5 ), and each of S(A 4 ), S(A 2 A 3 ) and S(A 5 ) is smooth.
At an A 7 point, S(A 3 ) has a swallowtail, with a cuspidal edge along S(A 5 ) and double along S(2A 3 ), the A 5 curve has a cusp, and the 2A 3 curve is smooth, with an end point in the real case.
Finally at a D 8 point, S(D 4 ) is smooth, S(A 3 ) is cusped along S(A 5 ), and each of S(D 6 ), S(A 3 A 4 ) and S(A 5 ) is smooth.
Restricted deformations
Although the family of curves {Γ z } cannot be regarded as a parametrised family, since the number of components is not constant, the local situation is different. To describe it, we first consider the family globally.
Proposition 3.1 For the family of plane curves parametrised by points z in a neighbourhood of (P, Π) in B C , the double point number δ is constant for z ∈ E C and takes a constant value lower by 1 for z ∈ E C .
Proof The family of projections of C from points not on C is a connected family of plane curves each parametrised by C, hence has δ constant. This is a well known result: a convenient reference is [5, §2.6] .
The family corresponding to z ∈ E C consists of projections of C from a variable point of itself, together with a variable line, so can be treated as a family of parametrised curves, hence again δ is constant.
To see that these values differ by 1, it suffices to deform a general point (P , Π ) ∈ E C . Here the curve has a simple node (type A 1 ) at Y P , and deforming off E C does not change the other singularities, but this one is lost. Hence δ decreases by 1.
2
Each special point z = (P, Π) ∈ E C corresponds to a singular point or pair of points of Γ z . If Y P is not one of these points, the deformation of the singularity is not merely a flat deformation, but can be lifted to a parametrised deformation. Apart from b and c, this occurs in cases α 1 , β 1 , γ 1 , bb, bc, cc, b 2 and c 2 .
For the remaining types of special point a, ab, ac, a 2 , δ, δ 1 and δ 2 on C, the corresponding family of plane curve germs does not have δ constant but, as follows from the proposition, we have two values of δ differing by 1.
The space of parametrised unfoldings can be considered as the δ−constant part of the space of unparametrised unfoldings (a very full treatment is given in [5, §2.7] ), and this is the approach we will use.
It is not difficult to describe the set of unfoldings versal with respect to the condition δ ≥ k for any singularities of type A n or D n . We will use the terminology P-unfoldings and P-versality for δ−constant unfoldings, and Q-unfoldings and Q-versality for unfoldings with δ decreasing by at most 1. We give the full details only for singularities of type A 2n−1 or D 2n+2 .
For A 2n−1 , we take the normal form y 2 − x 2n . The versal unfolding can be written as y 2 −a(x), where a(x) is monic of degree 2n and a 1 = 0 (where, as below, a 1 denotes the coefficient of the second highest power of x). The singularities occurring in the unfolding are determined by the multiplicities of the roots of the polynomial a(x).
If a(x) has 2k roots of odd multiplicity (the rest having even multiplicity), the value of δ is n − k. For a P-unfolding, δ = n so a(x) has the form b(x) 2 , and each branch is parametrised by x with y = ±b(x). For a Q-unfolding, δ ≥ n − 1, so a(x) has a repeated factor of degree (at least) n − 1, and hence has the form
, we take the normal form xy 2 − x 2n+1 and versal unfolding as xy 2 + 2cy − a(x) with a(x) monic of degree 2n + 1. In this case, to determine the singularities on such a curve we must check the multiplicities of the roots of xa(x) + c 2 . The P-unfoldings among these are those of the form x(y 2 − b(x) 2 ). For a Q-unfolding, the deformation must still factorise, else δ would drop by at least 2. There are two cases according as the highest term is factorised as x.y 2 or xy.y. We have either (i)
has a repeated factor of degree n − 1, or (ii) (y − b(x))(xy + c(x)), where the coefficient c(x) − xb(x) of y is constant. For D 4 there are three cases, which are equivalent under permutations of the three factors of the normal form.
We next formalise these situations. In each case, we have an affine space U 0 which is the usual unfolding space for the singularity, an affine space U 1 defined ad hoc by the above normal forms, and a map ρ 1 : U 1 → U 0 whose image is the set U R of P-or Q-unfoldings, or an irreducible component of this set. Suppose we are given a family of deformations of the type in question, parametrised by U D . By the usual versality theory, this is induced by a map U D → U 0 , with image contained in U R , so defining π 0 : U D → U R . We want a lift π 1 : U D → U 1 , and then define the family to be versal (in the appropriate sense) if π 1 is a submersion (at the base point).
U 1
This account begs several questions: we treat them in turn, giving details for each of our five cases. Note for later reference that in each case, i • ρ 1 is homogeneous with respect to well defined weights: our notation is chosen so that the weight is used as suffix in each case; x has weight 1. For P-unfoldings of A 2n−1 , U 0 has co-ordinates (a 2 , . . . , a 2n ), corresponding to
, U 0 is as before, and ρ 1 :
we take U 0 to have co-ordinates (a 1 , . . . , a 2n+1 , c n+1 ), where y has weight n, corresponding to the polynomial xy 2 +c n+1 y −a(x) with a(x) = x 2n+1 + 2n+1 1 a i x 2n+1−i . For P-unfoldings, we take U 1 with co-ordinates (b 1 , . . . , b n ), and
with n > 1, we have two alternative theories, as U R has 2 irreducible components (for D 4 , there are 3 components). We define (i) U 1 to be the affine space with co-ordinates (b 1 , . . . , b n−1 , c 1 , c 2 ), and i • ρ 1 :
). Also define (ii) U 2 to be the affine space with co-ordinates (c 1 , . . . , c n+1 ), and define ρ 2 :
Recall that (according e.g. to [5, 1.94 ]) a morphism of complex spaces is a normalisation if it is finite, surjective, and biholomorphic off the pre-image of a nowhere dense subset of the target.
Lemma 3.2
In the complex case, in each of the above cases, ρ 1 is a normalisation.
Proof In each case, ρ 1 is surjective by definition.
For P-unfoldings, ρ 1 is even bijective. For Q-unfoldings, by uniqueness of factorisation of polynomials, it is bijective over the subsets where
or c n+1 respectively, is non-zero. Over these subsets it is biholomorphic; outside them there is only a finite ambiguity in the pre-image, so the maps are finite.
We can also argue via the finite map
2 t i ) in the A 2n−1 case and the finite map C 2n+2 → U 0 defined by the polynomial xy 2 +2 2n+2 1
) in the D 2n+2 case: each, restricted to the subset where appropriate pairs of co-ordinates are equal, factors through ρ 1 .
An unfolding of the appropriate type with smooth parameter space U D is induced by a map π 0 : U D → U 0 with image contained in U R . Since U D is normal, it follows by the universal property of normalisations (see e.g. [5, Theorem 1.95] ) that this map lifts to π 1 :
Matters are less clear in the real case. The definitions of U 0 , U R and ρ 1 : U 1 → U 0 are the same as before, except that real coefficients are used throughout. The definition of normalisation in the C ∞ case is [2] that it must be C ∞ -equivalent to a real analytic map whose complexification is a normalisation, so this is satisfied.
I had hoped that for U D smooth, and ρ :
e. with i • π 0 smooth) would admit a smooth lift. This fails, since we can find a C ∞ homeomorphism of R onto the graph y = |x| in R 2 (it is necessarily flat at 0). This cannot lift continuously to the normalisation, which splits into 2 components.
A second hope is that if a continuous lift π 1 exists, then it must be smooth, and indeed that this is true if dim(U R ) = 1 was proved in [6] . However, I am grateful to Ed Bierstone for this reference and for the following counterexample. According to [3] , there is a C 1 function g(t) such that g 2 is C ∞ , but admits no C 2 square root. Now in the above Q-versal unfolding of A 3 , with
A continuous lift to U 1 is given by writing this as
, but by Glaeser's theorem there is no smooth lift. For our applications, we will construct C ∞ lifts directly. While uniqueness of lifts fails for arbitrary maps U D → U R , uniqueness will hold for the cases we are studying where π 1 is a submersion. For since U 1 → U R is bijective on an open dense set, the lift is unique on an open dense subset of the target, hence on an open dense subset of the source.
For detailed calculations, other co-ordinates for the unfolding are more convenient, and we will take the following as our model unfoldings. Since we also need P-versal unfoldings of A 2 and D 5 , we extend the list to encompass these cases.
T ype Singularity U nf olding
Thus in the P versality cases we have parametrisations
In the Q versality cases, the δ constant locus is c 2 = 0 (A 2n−1 and
For D 4 , there is little advantage in fixing one model: we will call x 1 x 2 (x 3 + b 1 ) a standard P-unfolding, and x 1 (x 2 x 3 + b 1 x 4 + b 2 ) a standard Q-unfolding, for x 1 , x 2 , x 3 , x 4 any linear combinations of v and w, provided x 1 , x 2 , x 3 are pairwise independent and x 4 = 0.
We now justify our definition of P-versality. Proof We may take the germ in standard form with components (t 1 , t n 1 ), (t 2 , 0) and (in the D 2n+2 case) (0, t 3 ): eliminating the parameters thus gives w(w − v n ) for A 2n−1 and vw(w − v n ) for D 2n+2 . We have the model miniversal unfolding of (2); eliminating the parameters gives the model form (1), which is P-versal. Since any two miniversal unfoldings are equivalent, it follows that parametrised versality implies P-versality in the above sense.
To see the converse, we use the fact that any parametrised unfolding is induced from this one, so if the parameter space is denoted U D and the space with coordinates the b i by B, it is induced by a smooth map F : U D → B, and is versal in the parametrised sense if and only if F is a submersion at the origin. Denote the co-ordinates in U by u j : then we can write F as a i = f i (u). Eliminating the parameters now leads to 
Preparation
We developed a method for eliminating a variable t between two equation-germs in [9, Theorem 3.1], using the Preparation Theorem. This can be proved (see e.g. the formal proof, on [5, pp 14-15]) using an m−adic approximation. In this section we give the approximation clause we will need below. We work in both the complex analytic and real C ∞ cases (and indeed the formal power series case); we use smooth to denote a function with the appropriate property. If we have local co-ordinates x = (x 1 , . . . , x k ) at a point, write O x for the local ring of germs of analytic or C ∞ germs at the point, and m x for its maximal ideal. A smooth function f (x, t) is said to be regular of order k in t if f (0, t) has order k. A smooth function u(x, t) with u(0, 0) = 0 is invertible; such a function is called a unit. 
(ii) For f as above and g a further smooth function, there exist smooth functions Q(x, t) and
For the cases of analytic functions and formal power series, results (i) (the Preparation Theorem) and (ii) (the Division Theorem) are classical, and proofs are given in numerous textbooks, e.g. [5, §1.1]. In these cases, the expressions given are unique. For the C ∞ case, these results are due to Malgrange, and again numerous proofs are available: one textbook reference is [4, §4
Proof (i) follows by induction on n = − k, since there is a bijection between monomials of weight n + k in (x, t) and the set consisting of f multiplied by monomials of weight k, and monomials of weight n + k and degree less than n in t. Expressing these in terms of the monomials gives a unitriangular matrix.
Observe that it follows that if
(ii) Apply the Division Theorem to write
, so we can take u = u − 0 and r i = r i + i .
(iii) follows at once from (i). 2
Now suppose we wish to eliminate t from f (x, t) = g(x, t) = 0, and that f is regular of order k in t. By Theorem 4.1, we can write
. This is all very well in principle, but demands effective calculations of the r i and s i . If f, g are homogeneous of weights k and , r i is homogeneous of weight i and s i of weight i + − k, so this procedure gives an h of weight k . Proposition 4.3 Suppose f regular of order k in t, and weights w i ≥ 0 assigned to the variables x i , and 1 to t such that f ∈ F k ; let g ∈ F . Let f − f ∈ F n+k and g − g ∈ F n+ (with n ≥ 1). Then if elimination between f and g gives h and between f and g gives h , we have h − h ∈ F n+k .
Proof We have obtained h as the Sylvester determinant of
We shall only use this below in the case when f is the sum of the terms of weight exactly k in f and g the sum of those of weight in g: these are polynomials with relatively few terms, and are easily prepared: indeed, we can take u = 1. Thus f is homogeneous of degree k and g of degree ; h is homogeneous of degree kl. Proposition 4.3 applies with n = 1, and shows that h − h ∈ F kl+1 .
We will also need the form of the Preparation Theorem given by Malgrange. It follows that any set of elements of M whose images span the vector space will generate M over O y .
P-versality
The main theorem of this paper is in two parts. We will show in this section that in cases b, c, bb, bc, cc, b 2 , c 2 , α 1 , β 1 , γ 1 , the family {Γ z | z ∈ E C } of enhanced projections is P-versal; however in case γ, we obtain transversality to the X 9 stratum, not to the orbit: we will deal with this fully in Lemma 7.2. We will discuss the remaining cases in the next section Theorem 5.1 If C is projection-generic, at a point z 0 of type b, c, bb, bc, cc, b 2 or c 2 , the family {Γ z | z ∈ E C } P-versally unfolds Γ z 0 .
Proof We begin by fixing notation. Choose co-ordinates at P with P at the origin, and let C be locally parametrised by (x, y, z) = (t, φ(t), ψ(t)). Define local coordinates (X, Y, U ) on B C by X := π C • x, Y := π C • (y − φ(x)), Z := π C • (z − ψ(x)) and Z = U Y . Then E C is given by Y = 0, and the projection π E : E C → C is given locally by π E (X, U ) = X.
The image of the projection of (x, y, z) from (X, Y, Z) to the plane x = 1 is (1, v, w), where
(3) Substituting the parametrisation of C at P for (x, y, z), setting Z = U Y , and clearing denominators leads to
where Ψ(X, U, t) :
. It is important that cancellation occurs here, so that Ψ(X, U, t) is smooth at O. The projected line L is given by taking t = X, so w − U v = Ψ(X, U, X), which we can calculate as
The cases considered in this section are those with Q ∈ T P C. Thus we may choose co-ordinates with 2-jet at P given by (t, t, t 2 ): then φ has order 1 and ψ has order 2. Substituting φ(t) = t, ψ(t) = t 2 gives Ψ(X, U, X) = 2X − X 2 − U . Thus L is given by the vanishing of w − U v + U − 2X, modulo higher terms. It is convenient to take V := U − 2X as co-ordinate in place of U , so this reduces to w − (V + 2X)v + V . We will assign weights to the co-ordinates V, X, Y : then if wt(V ) > wt(X), this is equal to w − 2Xv + V plus terms of higher weight.
In cases b, c, b 2 , c 2 we have a second point Q ∈ C, and may take Q as (1, 0, 0). In cases c, c 2 there is a third point R ∈ C with P QR collinear.
Write the local parametrisation of C at Q as (1 + α(t), β(t), γ(t)), with power series expansion α(t) = ∞ 1 α i t i and similarly for β, γ. Substituting in (3), we see that the projection (v, w) of a point of C near Q is given by
We assign weights to the variables as follows:
Lemma 5.2 The image of the projection of the branch of C at Q from points near P is independent of (X, U ) modulo terms of higher weight. It may be supposed given by the vanishing of
Proof In each case, the only terms of weight 1 in (6) give v = β 1 t: β 1 = 0 since C is transverse at Q to y = 0.
In case c, C is transverse at Q to z = 0 so γ has order 1. The terms of weight 1 in (7) give w = γ 1 t; similarly at R. Thus, modulo terms of higher weight, we have an equation (w − dv)(w − d v) = 0, where d, d = 0, and d = d since we are in case c.
In cases b, c 2 , the intersection number of C with z = 0 at Q is 2, so γ has order 2. The terms of weight 2 in (7) give w = γ 2 t 2 ; eliminating t gives w = (γ 2 /β 2 1 )v 2 , so again the assertion holds, and adjusting the w co-ordinate by a (non-zero) multiple reduces the equation to w − v 2 . In case c 2 , the branch at R is as in case c, but since now wt(w) > wt(v), its equation gives v = 0 modulo higher weight terms.
In case b 2 , γ has order 3, equation (7) gives w = γ 3 t 3 modulo terms of weight at least 4, and again we reduce the coefficient to 1.
We continue the proof of Theorem 5.1. First we consider only the terms of least weight. In case b, the terms of least weight (4) in the equation
2 ). In case c, the terms of least weight, 3, in the equation are (w +V )(w −dv)(w − d v) = 0, which is a standard P-versal unfolding of D 4 , with parameter V .
In case b 2 , the terms of least weight are (w−2Xv+V )(w−v 3 ) = 0; setting w 1 = w − 2Xv + V reduces this to the model P-versal unfolding
In case c 2 , the terms of least weight are (w − 2Xv + V )v(w − v 2 ) = 0; setting w 1 = w − 2Xv + V reduces this to the model P-versal unfolding vw 1 
Thus in each case, we have a P-versal unfolding.
We now show that adding terms of higher weight does not affect versality. For cases b, b 2 we have unfoldings of A 2n−1 (where n = 2 or 3 in the two cases) given as products φ 1 φ 2 where φ 1 ≡ w − 2Xv + V and φ 2 ≡ w − v n , modulo terms of higher weight. Thus φ 1 is regular of order 1 in w and we may substitute w 1 := φ 1 . Now φ 2 is regular of order 1 in w 1 , so we may write φ 2 = u 1 (w 1 + φ 3 (v, V, X)), where u 1 is a unit, equal to 1 plus higher terms, and φ 3 is regular of order n in v. Now apply the preparation theorem to φ 3 : we obtain φ 3 = u 2 φ 4 , where u 2 is a unit and φ 4 has the form v n + n 1 a i v n−i . In total, then, φ 1 φ 2 = u 1 w 1 (w 1 + u 2 φ 4 ). Making further substitutions w 1 = u 2 w 2 , v 1 = v + a 1 /n and dividing the whole equation by a unit gives w 2 (w 2 + φ 5 ), where φ 5 has the form v
1 . This is induced from the model P-versal unfolding by the map ψ sending the b i (V, X) to the coefficients. Moreover, at each stage we have only altered the equation by terms of higher weight. Since we had versality before, ψ is still a submersion.
We have P-unfoldings of D 2n+2 in cases c (n = 1) and c 2 (n = 2), given as products φ 1 φ 2 φ 3 where in case c 2 φ 1 ≡ v, φ 1 ≡ w − U v + V and φ 3 ≡ w − v n . Then φ 1 , φ 2 respectively are regular of order 1 in v, w and we may change coordinates, setting v 1 := φ 1 , w 1 := φ 2 ; we also do this in case c. Now (in both cases) φ 3 is regular of order 1 in w 1 , so we may write φ 3 = u 1 (w 1 + φ 4 (v 1 , V, X) ). Again, since we have only altered the weighted homogeneous model by terms of higher weight, it follows that φ 4 is regular of order n in v 1 , so we may write
n−i 1 ); now substitute w 1 = u 2 w 2 and divide the whole by a unit. We now have a model P-versal unfolding of D 4 or D 6 respectively; in the c case, V occurs with non-zero coefficient in b 1 , in the c 2 case we have the same as before, plus higher weight terms. The proof concludes as above.
In cases b, c, the deformation is trivial along the curve b or c in E C itself. Thus in cases bb, bc, cc the corresponding unfolding is versal if and only if the two curves intersect transversely, which holds by Theorem 1.2.
In the cases α, β and γ, we do not need to calculate the projections explicitly.
Proposition 5.3 For z = (P, L) of type α 1 or β 1 , the singularity of the curve Γ z = C P ∪ L is P-versally unfolded by deformations of z in E C ; in case γ 1 , we obtain an unfolding transverse to the X 9 stratum.
Proof For P of type α, β and γ, the projected curve C P has a singular point Z P of type A 2 , A 3 or D 4 respectively; and by projection genericity, condition O 1 holds, so this is versally unfolded by moving P along C. We thus have a mini-P-versal unfolding of A 2 , A 3 or D 4 , which can be taken in the model form
, or vw(w − v − b 1 ) respectively; we can take the parameter (b 1 or b 2 ) as X (modulo higher terms). This is homogeneous with respect to weights for (v, w, X) being (2,3,2), (1,2,2) or (1,1,1) respectively. By [9, Lemma 2.5] the line L = Y P Z P is transverse to C P at Z P ; also L is rotated about the point Y P distinct from Z P , which is here taken as the origin. We claim that it follows that the 2-parameter family {C P ∪ L} P-versally unfolds the singularity, of type D 5 , D 6 or X 9 respectively.
We write the equation of L as φ(v, w, U ) = 0. For U = 0, this is transverse to the above at the origin, so the coefficient of v in φ may be taken as 1. Assign U the same weight as v. Then the terms of least weight in φ are linear in v, U, and X in the A 2 case, w, X in the D 4 case. The coefficient of U is non-zero, since L is rotated about a point distinct from the origin, so may be taken as 1. A substitution U 1 := U + µX can be used to remove a term X.
In case α, the terms of least weight are now (v + U )(w 2 − v(v + X) 2 ), which agrees with the model P-versal unfolding (1) of D 5 , with a 1 = U, b 1 = X.
In case β, the terms of least weight are (v + U )w(w − (v 2 + X)), and the substitution v 1 = v + U reduces this to the model P-versal unfolding (1) of D 6 , with
It now follows as in the proof of Theorem 5.1 that changing a model P-versal unfolding of D 5 or D 6 by terms of higher weight is still P-versal.
In case γ, the terms of least weight are vw(w − v − X)(v + U + λw) for some λ, which must be = 0, −1 since we have an X 9 singularity. This coincides with our model unfolding, with a 1 = X, b 1 = U . It is not P versal, but transversality to the X 9 stratum follows since the condition for this depends only on the 1-jet of the parametrisation (see the proof of [9, Lemma 6.5]); for the same reason, transversality is not affected by adding higher weight terms. 2
We have already described versal unfoldings of D 5 , D 6 and X 9 geometrically in Lemma 2.1. Here, not only are the unfoldings versal, but at any point z = (P, Π) of π −1 E (P ), the curve Γ z includes C P , so has a singularity of type A 2 , A 3 or D 4 .
Q-versality
In this section we prove the following.
Theorem 6.1 If C is projection-generic, the family {Γ z | z ∈ B C } of enhanced projections is a Q-versal unfolding at a point of type a, ab, ac, a 2 , δ, δ 1 or δ 2 on E C .
Proof We will discuss the cases in turn. We use the notation of §5, but now take T P C as x−axis. In each case, in the parametrisation (x, y, z) = (t, φ(t), ψ(t)) of C, either φ or ψ has order 2. At a generic point of E C , ψ has order 2: we may choose co-ordinates so that φ has order ≥ 3, and so suppose that φ has zero 2-jet and ψ has 2-jet t 2 . We may assign weights (1, 1, 1; 0, 1, 2) or (2, 1, 2, 1, 2, 3) to (t, v, w; U, X, Y ): in either case, (4) gives v(X − t) = Y and (5) gives w − U v = t + X, in each case modulo terms of higher weight. Eliminating t now gives v(w −U v −2X)+Y = 0, and substituting w 1 = w − U v − 2X gives vw 1 + Y = 0, a versal (and Q-versal) unfolding of A 1 .
Otherwise φ has order 2. If ψ has order 3, we have a point of type a. The simplest example is the curve (t, t 2 , t 3 ), where φ(t) = t 2 , ψ(t) = t 3 . This C 0 is a rational normal cubic, the projections from points off C 0 are rational cubics, hence with a node or cusp; from points on C 0 we have a conic plus a line. We commented in [9] that even in this case the resulting equation is somewhat complicated (85 terms!). However, we can verify that it is quadratic in w, and that the discriminant of this quadratic is a monic quartic in v, which admits a repeated factor. But we can simplify much further by taking lowest weight terms.
Assign weights (1, 1, 2; 1, 1, 2) to (t, v, w; U, X, Y ). We may suppose that the lowest order terms in φ, ψ are t 2 , t 3 respectively. The terms of least weight in (4) and (5) If ψ has order 4, we have a point of type a 2 . Modulo higher terms, we can take φ(t) = t 2 , ψ(t) = t 4 . Assign weights (1, 1, 3; 2, 1, 2) to (t, v, w; U, X, Y ). The terms of lowest weight in (4) are as before, those in Ψ are
, and we can again quadruple and substitute
2 − U + Y , and c 2 = 4Y . Although not relevant for our main results, we note the pattern in these examples: for (t, t 2 , t k ) we can assign weights (1, 1, k −1; k −2, 1, 2) to (t, v, w; U, X, Y ), and will end with w
, where p is a monic polynomial of degree k − 2, for an unfolding of A 2k−3 .
We now show that including the terms of higher weight does not destroy versality. The same argument will apply to both cases a and a 2 . Since the terms of least weight in (4) and (5) are monic quadratics in t, the full equations are regular of order 2 in t. Applying the Preparation Theorem 4.2, we may multiply each equation by a unit and suppose them monic quadratics in t, with the same least weight terms as before: write (4) as t 2 − pt + q = 0. Subtracting the second equation from the first gives a linear equation L 1 t+M 1 = 0, where L 1 −L consists of terms of weight > 1 and M 1 − M has weight > 2, and we eliminate t giving M 
2 + 4Y by higher terms. We do not know that L 1 and P 1 are independent of w 1 , but φ 2 is regular of order 2 in w 1 , so we can apply Theorem 4.2 to obtain φ 3 = w 2 1 + 2p 1 w 1 + q 1 , say, equal to φ 2 multiplied by a unit. Now observe that if L 0 is obtained from L 1 by substituting w 1 = 0, then L 1 belongs to the ideal w 1 , L 0 and so φ 2 , and hence also φ 3 , is in
1 is independent of w 1 and belongs to w 1 , L 0 2 , it is in L 0 2 , so may be written as L 2 0 P 0 . Now L 0 , P 0 are functions of v, each obtained from a homogeneous polynomial, monic in v, by adding higher terms. Again apply the Preparation Theorem to write L 0 = u 1 L 2 , P 0 = u 2 P 2 with u 1 , u 2 units and L 2 , P 2 monic polynomials in v. Setting w 3 = u 1 u 1 2 2 w 2 eliminates the unwanted units, and gives an unfolding
2 P 2 in standard form, where the coefficients are obtained from those above by adding higher terms. This is induced from the model unfolding by a map which is the identity plus higher terms, so is a submersion at the origin.
The kernel of the tangent map from T P B C to the unfolding space in the a case must coincide with the tangent space to the a curve. At a point of type ab, the kernel of the tangent map from T P B C to the P-unfolding space of A 3 coincides with the tangent space to the surfaceŜ(A 3 ). To see that we have a versal unfolding of the combined singularity, it suffices to check that these are transverse, which follows sinceŜ(A 3
In cases δ, δ 1 and δ 2 , we have Q ∈ T P C: in each case we have separate deformations of the germs at P and Q. At P we have a deformation, with δ decreasing at most by 1, of A 1 (δ and δ 2 cases) or A 3 (δ 1 case); at Q we have a non-singular germ, transverse to the first (δ and δ 1 cases) or touching it (δ 2 case), and expect Q-versal unfoldings of D 4 (for δ) and D 6 (δ 1 and δ 2 ). In each case we use the same weights as before, and begin by considering only the terms of least weight.
If Q = P and P ∈ T Q C, the projection of the germ of C at Q from P or from points nearby is smooth. We can suppose Q at (1, 0, 0) with local parametrisation as before. Since P ∈ T Q C, β or γ has order 1. As in Lemma 5.2, the 1-jet γ 1 v−β 1 w of the equation is independent of (X, Y, Z).
For δ we must combine the deformations of the projections of the germs at P and Q. At P we had E, which we can write as (
2 , restricting to (w − v)(w − 2X) − Y when U = 0; at X = Y = 0, the factor w − v is tangent to the projection of C and w − U v to the additional line. The branch at Q contributes a factor with linear terms ξ = γ 1 v − β 1 w: were this is a multiple of w we would have case δ 1 , and if of w − v would have case δ 2 . We thus have ξ((w − v)(w − 2X) − Y ), a Q-versal unfolding of D 4 in standard form.
For case δ 1 , we combine the projection for Q with that for P in case a, where we had w
, added to terms of higher weight, reducing at U = X = Y = 0 to w 2 1 − v 6 . The projection of the germ at Q is transverse to this, hence to w = 0, so can be taken as v = 0 modulo terms of higher weight. By Lemma 5.2, varying the point of projection also adds terms of higher weight. Now setting v 1 = v − 2X reduces us to the model Q-versal unfolding (v 1 + a 1 )(w
For δ 2 we start with the branch at P , and with weights (2, 1, 2, 1, 2, 3) for (t, v, w; U, X, Y ), where the terms of least weight gave v(w − U v − 2X) + Y = 0.
The projection of the branch at Q is simply tangent to the line correspond-ing to U = 0: ignoring terms of weight > 2, we can take it as w + βv 2 = 0. This gives (w + βv
Since this has a singularity of type D 6 when U = X = Y = 0, we have β = 0. Multiplying each of U, X, Y, w 1 by β replaces this coefficient by 1. We thus have the model Q-versal unfolding
For cases δ and δ 1 , we deal with the terms of higher weight by combining the arguments for the preceding cases. We have a product φ 1 φ 2 , and φ 1 is regular of order 1 in v and φ 2 regular of order 2 in w. In addition, we know from the previous case that we may write φ 2 in the form w
Then the same argument as before (we did not need to change the co-ordinate v) shows that we may reduce (multiplying by a unit) to v 1 (w
, where L 2 and P 2 are monic polynomials in v 1 , which is in standard form for a Q-versal unfolding of type (i). Now, as before, since the terms of least weight have not been changed, this is induced from the model unfolding by a map tangent to the identity, hence is versal. The δ 2 case again fails to fit into the pattern: we have not succeeded in obtaining a proof along the lines of the other cases. We do have a factorisation φ 1 φ 2 with φ 1 regular of order 1 in v, so begin by setting v 1 := φ 1 . Now φ 2 is not regular in w; its key terms are vw and v 3 : the terms of lowest weight are
, with v of weight 1, w of weight 2 and u i of weight i.
We next show that the O u −module wO v,w,u /O v,w,u . ∂ v φ, w∂ w φ is generated by {w, vw, v 2 w}. First consider this with φ replaced by φ 0 . Then if we factor out the ideal m u generated by the u i , the module becomes wO v,w / w 2 + 3v 2 w, 2vw 2 + v 3 w , which admits {w, vw, v 2 w} as vector space basis. Replacing φ 0 by φ adds terms of higher order, so the same monomials still furnish a basis. Now the assertion follows from the Malgrange Preparation Theorem 4.4.
Consider the linear interpolation φ t := φ 0 + t(φ − φ 0 ): we will prove this deformation to be Q-trivial. Since the preceding paragraph applies with φ t in place of φ, we can express φ − φ 0 = ∂φ t /∂t in the form
moreover, wt(a t ) > wt(v), wt(b t ) > 0 and wt(c i,t ) > wt(u i ). Now solve the differential equations dv/dt = a t (v, w, u), dw/dt = wb t (v, w, u), du i /dt = c i,t (u). This yields a substitution v (v, w, u, t), w (v, w, u, t), u i (u, t) reducing φ t to φ 0 . Also we have wt(v − v) > wt(v), w = w(1+η) with wt(η) > 0, and wt(u i −u i ) > wt(u i ). Thus we have again reduced the Q-unfolding to standard form. 2
Normal forms in B C
To complete the description of the stratification of the exceptional set, we need to determine the configuration of the strata in the neighbourhood of each of the types of special point described above. We assume throughout that C is projection-generic. In each case, we can obtain normal forms in B C from the versality theorems proved above: we do this explicitly. First, however, we must discuss the modulus arising in case γ. We begin with a somewhat surprising geometrical result.
Lemma 7.1 Along a 4-secant of a projection-generic space curve, the cross-ratio of the tangent planes to the 4 branches of S(D 4 ) is constant.
Proof Choose co-ordinates t for points on the 4-secant L and T for planes through it such that the points lying on C have t = 0, 1, ∞, a and the planes through L containing the respective tangents to C have T = 0, 1, ∞, b. Condition (TQ) states that b = a. Then at a general t, S(D 4 ) has 4 smooth branches. By [9, Proposition 6.6 (iii)], each of the 4 tangent planes varies in homology with the point t, and contains the tangent to C at 3 of the 4 points on C. We can thus denote the values of T for the 4 tangent planes by φ * so that at the 4 points on C we have
and φ a (t) = t:
and for each t, the cross-ratio
Lemma 7.2 For case γ we can takeŜ(D 4 ) as U X(U − X)(U − λX) = 0 for some value of λ = 0, 1 and local co-ordinates in B C .
Proof We know that the local picture in E C is of 4 mutually transverse smooth curve (germs), with a singularity of type X 9 . Since we have proved transversality to the X 9 stratum, we can take S(X 9 ) to be given by U = X = 0 in B C , and at each Y constant level we also have an X 9 singularity. We thus have a 1-parameter unfolding, which we can put in normal form. Since the only modulus parameter is the cross-ratio, the result follows. 2
Recall that we chose co-ordinates at P ∈ C with P at the origin, and C locally parametrised by (x, y, z) = (t, φ(t), ψ(t)), and defined local coordinates (X, Y, U ) on B C by Y := (y − φ(x)) • π C , Z := (z − ψ(x)) • π C and Z = U Y . Thus E C is given by Y = 0 and π E (X, U ) = X.
Theorem 7.3
In the neighbourhood of a special point of E C , there is a local coordinate change with v 1 , w 1 functions of v, w, U, X, Y , and U 1 , X 1 , Y 1 functions of U, X, Y congruent to the identity modulo terms of higher weight, in which the family of enhanced projections of C is given by
This summarises the conclusions of Theorem 5.1, Proposition 5.3 and Theorem 6.1, together with the normal forms and approximation clauses obtained in their proofs.
In the P-versality cases, the equation is independent of Y : the curve singularity is versally unfolded in the parameter space E C , and soà fortiori in B C , and each stratum meets E C transversely. In the Q-versality cases, the δ−constant locus is indeed Y = 0.
The location of the singularities is easily found, using the general description applying to all unfoldings of A 2k−1 and D 2k+2 : e.g. for w(w − a(v) 2 b(v)) we must check for repeated roots of a and b and their common roots. In particular, the location of codimension 1 singularities is given by the vanishing of
where ( * 1 ) = U X(U − X)(U − λX), and (
is the condition that v 3 + v 2 U + 2vX − Y has a repeated factor. Hence Corollary 7.3.1 The stratumŜ(A 2 ) touches E C along the a curve (given by U = 3X in cases a, δ 1 and U = 6X 2 in case a 2 ) and is transverse to it along the α fibres.
The stratumŜ(A 3 ) crosses E C transversely along the b curve (cases b, b 2 , c 2 , α 1 , a 2 and U 2 = 8X in case δ 2 ) and the β fibres; and touches it along the δ fibres. The stratumŜ(D 4 ) crosses E C transversely along the c curve (cases c, c 2 , α 1 , β 1 , γ 1 , δ 1 ) and the γ fibres.
The one surprise here is thatŜ(A 3 ) touches E C along the δ fibres.
It remains to consider the double point cases. By Theorem 1.2, the curves a, b and c in E C are smooth and submerse on C except perhaps at special points; moreover, at a point of type ab, ac, bb, bc, cc the two curves are smooth and meet transversely. Thus at a point of type bb, bc or cc we can take the two strata as X = U and X = −U ; at a point of type ab or bc we can takeŜ(A 2 ) as Y + U 2 = 0 and the other stratum as X = U .
The curve strata are given by intersections and singular loci of the surface strata: we gave the details in Lemma 2.1. We see by inspection that for the P-cases, the only curve stratum outside E C is U = X = 0, with singularity type as follows:
The 1-dimensional strata in the Q-cases are as follows, where we also give parametrisations of (U, X, Y ):
These are the curve strata in the normal forms; it follows from the approximation clause in Theorem 7.3 that those before the co-ordinate change are given by smooth parametrisations agreeing with these modulo terms of higher weight.
Strata in P 3
It remains to describe the stratification of P 3 . In local co-ordinates, the map
However the local normal forms were only obtained up to local diffeomorphisms φ of B C . The map π C : B C → P 3 collapses the leaves of the foliation of E C given by the fibres of π E , which is given in local co-ordinates by π E (X, U ) = X. Although φ may be chosen to respect E C , and respect the fibres of π E , this does not suffice (as I at first thought) to push down to a diffeomorphism of P 3 . Nevertheless, the main conclusion of this section is that, in all these cases, we can reduce the equations in P 3 to the local normal forms of (11). However, we must emphasize that our reduction applies only to the (strata occurring in) the image of the neighbourhood of a single point of E C . We cannot expect to find a local normal form for all the strata at a point of C: for example, if there are 4 or more components, each set of 4 tangent planes will define a cross-ratio invariant, which in general will vary along C.
The equations of the strata in B C are given in (8) . In almost all cases, the equation is regular in U : the exceptions are X, for the strataŜ(A 2 ),Ŝ(A 3 ),Ŝ(D 4 ) in cases α 1 , β 1 , γ 1 : cases in which it is clear geometrically that the stratum is smooth at the point in P 3 ; andŜ(A 3 ) in cases δ, δ 1 and δ 2 : a case requiring separate discussion. NB in §? below If the equation is regular of order n in U , this remains true on adding terms of higher weight. We can thus apply Theorem 4.2 and, discarding the unit, take an equation which is a monic polynomial of degree n in U , and which still agrees with the normal form modulo terms of higher weight. We may now multiply by Y n and substitute Z for U Y to obtain an equation valid locally in P 3 . We will make this the basis for subsequent reductions.
We begin with a precise statement of the situation near a general point of C.
Lemma 8.1 Near an ordinary point of C, S(A 2 ) has a cuspidal edge along C, and each of S(A 3 ) and S(D 4 ) is a union of smooth components, each through C; the tangent spaces of all these components are distinct.
Proof It was known classically that the tangent surface S(A 2 ) has such a cuspidal edge. Projecting from P ∈ C gives a plane curve C P with normal crossings; the tangent at Y P sweeps out S(A 2 ) as P varies; the other tangents from P to C P sweep out S(A 3 ); the lines joining Y P to the double points sweep out S(D 4 ). All these lines are distinct, since P is an ordinary point of C; for the same reason, the tangents are not inflexional. Thus as P moves along C, each line moves in a smooth family, so sweeps out a smooth piece of surface; the tangent planes to these surfaces are the pre-images of the above lines under projection from P , so are all distinct. We can also argue using our normal forms. For a we had (U − 3X) 2 + 4Y plus terms of higher weight. This is regular of order 2 in U , so we can multiply by a unit to make it a monic quadratic in U , hence of the form (U − 3X 1 ) 2 + 4Y 1 , where X 1 , Y 1 depend only on X and Y and are congruent to these modulo terms of higher weight; moreover, Y 1 is divisible by Y since its vanishing characterises the δ constant part of the unfolding, so Y 1 = uY with u a unit. Thus in
For b we had X 2 − V and for c we had V , plus terms of higher weight, where V = U − 2X. Each is regular of order 1 in U , so can be put in the form U + φ(X, Y ) leading to an equation Z + Y φ(X, Y ) in P 3 , which defines a smooth surface through C.
We next deal with the two-point singularities. (ii) Near a point of type ab, ac there are local co-ordinates in P 3 such that the two strata are Z 2 = Y 3 and Z = XY .
Proof (i) We have two smooth branches, and can take the equations in B C as U = φ 1 (X, Y ) and U = φ 2 (X, Y ) where, since the intersections with Y = 0 are transverse, the coefficients of X differ. In P 3 we have Z = Y φ 1 and Z = Y φ 2 . Set Z 1 = Z − Y φ 1 : then the other equation is Z 1 − ψ(X, Y ), where ψ has order 2, is divisible by Y , and the coefficient of XY is non-zero. Hence ψ = 0 defines a simple node, and the equation ψ can be reduced to XY by a change of variables.
(ii) As in Lemma 8.1, we can reduce the equation of S(A 2 ) to Z 2 − Y 3 . The other factor is regular of order 1 in Z, so can be reduced (modulo a unit) to Z − φ(X, Y ); since it passes through C (given by Y = Z = 0), φ is divisible by Y . We now have Z − Y φ 2 (X, Y ); since this is Z = XY modulo terms of higher weight, φ 2 is regular of order 1 in X, so may set X 1 = φ 2 .
2 Lemma 8.3 At a point of C of type α, β or γ we can reduce the local components in question of the strata to the normal forms in (11).
Proof In case α, the local equation of S(A 2 ) has the form X 1 = 0, where the coefficient of X in X 1 is 1. Substitute for X in terms of X 1 in the normal forms Y 1 ) is divisible by X 1 , hence of the form uX 1 with u a unit. Now setting X 2 = uX 1 eliminates u.
In case β, first take X = 0 as the equation of S(A 3 ). The equation of S(D 4 ) is X(XY 2 + Z 2 ) modulo higher terms, so is regular of order 2 in Z, and may be taken as quadratic in Z; completing the square gives Z 2 1 + φ 1 (X, Y ). Since S(D 4 ) has C as a double curve, we can write φ 1 (X, Y ) = Y 2 φ 2 (X, Y ). But we know that along S(D 6 ), the surfaces S(A 3 ) and S(D 4 ) touch, so Z 2 + Y 2 φ 2 (0, Y ) has a repeated factor, thus φ 2 (0, Y ) ≡ 0 and so φ 2 is divisible by X. Since φ 2 is regular of order 1 in X, it is X times a unit; setting X 1 = φ 2 completes the proof.
In case γ, the same reasoning as in case α allows us to reduce 3 of the local components of S(D 4 ) to ZX(Z − XY ) = 0; the remaining one is regular of order 1 in Z, so may be taken as Z = φ(X, Y ), where φ vanishes along S(X 9 ), so is divisible by X, and along C, so is divisible by Y , and (again arguing as before) φ = uXY where u is a unit.
Substituting Z = U Y , this lifts to strata XU (U − X)(U − Xu(X, Y )) in E C , whose tangent planes at (0, 0, Y ) have cross-ratio u(0, Y ). By Lemma 7.1, this takes a constant value, λ, say. Hence we can write u(X, Y ) = λ + Xa(X, Y ). Now substitute X = X 1 , Y = λ(1 − φ)Y 1 + aZ 1 and Z = (λ(1 − φ) + aX 1 )Z 1 , which multiplies each of X and Z by a unit and gives Z − XY = λ(1 − φ)(Z 1 − X 1 Y 1 ) and Z − φXY = φ(1 − φ)(Z 1 − λX 1 Y 1 ).
For the next cases, it is easier to simplify the normal forms by setting 4Z 1 = Z+3Y 2 −6X 2 Y in case a 2 , 4Z 1 = Z−2XY , X = 3X 1 in case b 2 and Z 1 = Z−2XY in case c 2 , giving
Lemma 8.4 At a point of C of type a 2 , b 2 or c 2 we can reduce the local components in question of the strata to the normal forms in (12)
Proof In case a 2 , S(A 2 ) has a cuspidal edge along C, which we can take as Y = Z = 0 and a transverse self-intersection along S(2A 2 ), which we can take as X = Z = 0. From (11) we know that the equation is regular of order 2 in Z: we can apply the Preparation Theorem to make it quadratic in Z, and complete the square to put it in the form Z In case c 2 , we can take the equation of S(D 4 ) as Z = 0, and then S(A 3 ) as Z = φ(X, Y ). Since the strata meet along C, φ is divisible by Y ; since they touch along S(D 6 ), which is transverse to C, so may be taken as X = Z = 0, φ is divisible by X 2 : thus φ = uX 2 Y , with u a unit, which we eliminate as usual.
2
We now summarise our local normal forms for the closures of the separate strata S(A 2 ), S(A 3 ) and S(D 4 ): those off C were established in §2 and those on C in the preceding four results; for a δ point, see §9.
Lemma 8.5 The surface S(A 2 ) has normal crossings along S(2A 2 ) and at S(3A 2 ) and a cuspidal edge along C. At α a smooth piece crosses a cuspidal edge and at a 2 there is a cuspidal cross-cap.
The surface S(D 4 ) has normal crossings along S(2D 4 ) and at S(3D 4 ), and transverse self-crossings of 4 branches along S(X 9 ) and of several along C. These strata cross transversely at S(D 4 X 9 ). At a cc point or a γ point, each local component is smooth. At a β point there is a Whitney umbrella.
The surface S(A 3 ) has transverse self-crossings along S(2A 3 ) and C, and a cuspidal edge along S(A 5 ). At S(3A 3 ) it has normal crossings, at S(A 3 A 5 ) a smooth piece crosses a cuspidal edge and at S(A 7 ) there is a swallowtail. At bb, each component is smooth. At b 2 we have a cuspidal cross-cap, and at δ a swallowtail-like surface.
The facts about the tangent surface S(A 2 ) were well known previously: see [1] , also [7] . The singularities of S(A 3 ) are more complicated, and there seems to be no previous mention of S(A 3 ) in the literature.
The discussion covers both complex and real cases: we briefly discuss features special to the real case. We recall that e.g. S(A 3 ) is defined as the closure of S 0 (A 3 )) and that by Lemma 2.1, S(A 3 ) has an edge along S(A 4 ) and S(D 4 ) has an edge along S(D 5 ). Now S(A 4 ) meets C in a 2 points, and S(D 5 ) meets C in α and δ points.
We calculate with the normal forms of Theorem 7.3 in E C . At an a 2 point, substituting the equation U = Y + 2X 2 ofŜ(A 3 ) in the normal form gives w 2 − (v + 2X)
